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and, therefore

/A(\) =
45.916 exp(- 3.32X^)1 (23)

The probability of failure according to Eq. (15) with
from Eq. (16)

Znco n)JJ vX

[5.195oj (24)

where co = exp(— X).
Equation (24) has been numerically evaluated for the

ultimate design load factors UDU — 13, 11, 9, and 7 and the
corresponding reliability functions have been constructed in
accordance with Eq. (14) and are represented in Fig. 8 in
terms of the number of load cycles and of hours of flight.
The conversion is based on the assumption that roughly 102

load cycles are equivalent to 1 hr of flight at an average of
350-400 mph in accordance with the flight records.
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Response of Complex Structures to Turbulent Boundary Layers
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A turbulent boundary-layer loading function is developed for use with a finite-element
structural analysis system and applied in a study of the random vibration of elastic aircraft
structures. The method is demonstrated by computing the random vibration response of
simple and complex structures; the method is evaluated by comparing computed and mea-
sured response on the simple panel. Deflection cross-power spectral density and deflection
covariance are the criteria used to compare panel response. The simple panels are flat and
clamped. The complex panels are flat and curved fuselage sections: 1) skin panels with
tear straps and 2) six stringers attached to a skin strip. The effects of fuselage radius and of
static in-plane loads due either to cabin pressurization or flight loads are discussed. The
influence of boundary-layer thickness on the size of the region of coherent structural response
is also discussed.

Nomenclature

[A ] = diagonal matrix of elemental areas on structure
Ai,Aj — elemental area on structure associated with i and j

node points, in.2
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An = const, Ai = 12.0, A2 = 7.20, A8 = 1.58
B = 1/0.85*, in.-1

[C] = damping matrix
Cfijfa) = force co-power spectral density (co-PSD) acting on

plate pairs i arid j, lb2 • sec
[CV(co)] = force co-power spectral density matrix, lb2-sec
[Cd(<*>)] = deflection co-power spectral desity matrix, in.2-sec
[H(iu}] = complex frequency response matrix
[K] = stiffness matrix
K2 = normalization constant for power spectral density

3
defined by K2 = (p2>/TW

2 = ̂  An/Kn

Kn = const, Ki = 13.9, K* = 2.94, #3 = 0.471
M = Mach number
[M] = diagonal mass matrix
QFij(<jo) = force quad-power spectral density acting on plate

pairs i and j, lb2 • sec
[Qjf(w)] = force quad-power spectral density matrix, Ib2-sec
R( ) = real part of a complex number, function, or matrix
S = coS*/C7, Strouhal number, dimensionless frequency
U = freestream airflow velocity or aircraft speed, in./sec
Uc = convection velocity, in./sec
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a = 1/UcO, in."1

b = u/UCj in.-1

/ = frequency, Hz
i = (-1)1/2

i,j = finite element node points
wiij^Uij = integers used to denote separation distance between

the i and j node in x and y direction, respectively
p = rms pressure fluctuation, [(p2)]1/2, psi
(p2) = mean square fluctuating pressure at the wall in tur-

bulent boundary layer, psi2

i = panel thickness, in.
x,y = Cartesian coordinates, in.
x;,yi = Cartesian coordinates of iih node point, in.
&F%i(<*>) — force power spectral density acting on the ith struc-

tural plate, Ib2-sec
&Fij(iu) = cross-power spectral density of forces acting on plate

pair i and j, a complex function of o>, lb2 • sec
[3>//(£oo)] = force cross-power spectral density matrix, lb2 • sec
5* = boundary-layer displacement thickness, in.
5 = rms displacement, in.
f = critical damping ratio
17 = separation distance in y direction, in.
vii,7}j = distance in y direction between node and dummy var-

iable on itla. and jth nodal areas, respectively, in.
770 = ^-direction separation distance between adjacent

nodes, in.
6 = eddy lifetime, sec
\/JL = constants for stiffness and inertia proportional

damping, respectively
£ = separation distance in x direction, in.
£i,£j = distance in x direction between node and dummy

variable on iih and jth nodal areas, respectively,
in.

£o = smallest basic re-direction separation distance be-
tween adjacent nodes, in.

P(£^;T) = cross-correlation coefficient, — 1 < P(£,??;T) < -f 1
T = time delay, sec
[(/>] = matrix of eigenvectors
{0r} = eigenvector column matrix
co = angular frequency, 2TT/, rad/sec
coy = eigenfrequency of structure, modal frequency,

rad/sec
[ ]T = transpose of matrix
( )* = complex conjugate
( ) = time average

Introduction

TURBULENT boundary layers attached to the exterior
.uselage are a major source of passenger cabin noise during

flight of subsonic aircraft. This noise is caused by the random
vibration of the cabin structure responding to boundary-layer
fluctuating pressures. The random fluctuating pressures re-
sult from turbulent velocity eddies in the boundary-layer re-
gion close to the skin. This paper develops a turbulent
boundary-layer loading function for use with finite-element,
structural systems. The method of response analysis and the
resulting computer program are discussed. The loading func-
tion is then applied in a study of the boundary-layer induced
random vibration of simple and complex structures simulating
sections of aircraft fuselages. Emphasis is placed on the low-
frequency response of structure where changes in structural
design have major effects on response.

The problem of random vibration of linear, elastic, me-
chanical systems to ergodic stationary random loads has been
discussed by Powell,1 Eringen,2 and Lyon.3 These studies
applied the methods of random process theory to mechanical
systems. Others have taken these methods and worked ex-
ample problems on the random vibration of simple structures.
Thomson and Barton4 calculated the response of a rod to a
single-point random axial load on the rod end. Dyer5 calcu-
lated response of a simply supported panel to a simplified tur-
bulent boundary-layer model based on a decaying and con-
vected rain-on-the-roof type load. Wilby6 used a more ac-
curate model for turbulent boundary-layer loads, and calcu-
lated and measured the response of single and multiple bays of

simple skin panels. Trubert7 demonstrated these methods
on a complex cantilevered beam subjected to dual random
loads, using experimentally determined admittance functions
and load cross-power spectral densities to calculate random
response. Trubert's work has been extended to distributed
random loads applied to finite-element structural systems by
Fuller and Newsom,8 Newsom9 alone, and Newsom, Fuller,
and Sherrer.10 This paper extends these methods to the
small-scale distributed and convected random loading of the
attached turbulent boundary layer.

Response Analysis Method

The method of response analysis is an extension of matrix
structural analysis (finite-element) methods. Matrix meth-
ods for dynamic response are combined with random process
theory to analyze structure subjected to random pressure
loads. Jacobs and Lagerquist11 give a comprehensive discus-
sion of the response analysis method; thus, only the main
features are summarized here.

Response to Random Pressure Loads

One statistical quantity useful for describing random pro-
cesses is cross-power spectral density (cross-PSD). For er-
godic stationary random processes, acting on a linear elastic
structure, the relation between response cross-PSD and pres-
sure-loading cross-PSD is

[$«(ico)] = [ H * ( i u ) ] [ A ] [ $ p ( i u ) ] l A ] [ H ( i u ) ] T (1)

where [<£s(iw)] and [^(ico)] are cross-PSD matrices of dis-
placement and pressure, respectively, [H(iui)] is the admit-
tance matrix, and [A ] is a diagonal matrix of areas associated
with node points. The asterisk denotes the complex conju-
gate and ico denotes complex functional dependence on co. The
diagonal elements of the left-hand matrix are displacement
PSD. The off-diagonal terms are displacement cross-PSD
terms. The cross-PSD matrices are hermitian, i.e., the matrix
can be written as a sum of a real symmetric matrix (co-power
spectral density) [(7(w)] and a real skew-symmetric matrix
(quad-power spectral density) [Q(co) ] as follows.

Admittance Matrix

The admittance matrix has the form

[//(iw)] = [-u*[M] + iw[C] + LK]]-1 (3)
where [M]t [C], and [K] are square matrices of inertia, viscous
damping, and stiffness coefficients, respectively. The sym-
metric stiffness matrix [K] can be determined from the dis-
placement method of static matrix structural analysis tech-
niques. Matrix [M] is diagonal for a system of concentrated
point masses.

Special Forms of Damping

For certain forms of damping, the admittance matrices are
uncoupled when displacements are expressed in terms of a set
of generalized coordinates based on normal mode shapes. This
uncoupling results in diagonal admittance matrices when vis-
cous (lamping is proportional to inertia, stiffness, or both. Let

\[K] (4)

where // and A are proportionality factors. Then, the admit-
tance matrix is

where each column of [</>] is a normal mode {</>?} and coy is the
,7'th natural frequency. The term Hj(i<jo) is thejth generalized
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admittance defined by where

The term My is thejth generalized mass defined by

(6)

(7)

It is often convenient to represent the damping as a fraction
of critical damping. The modal damping factor f y represents
the fraction of critical damping in the jth mode (see Hurty and
Rubinstein12). This factor is related to viscous damping
proportionality factors /z and A in Eq. (4) by the relationship

2fy = /Z/COy + (8)

Deflection Response PSD

When damping does not couple the equations of motion,
Eq. (1) can be simplified by using the generalized admittance
matrix defined in Eq. (5). Then the displacement cross- PSD
is a double summation over m modes.

E 0)

where

and

For lightly damped systems with well separated natural
frequencies, an approximate solution results by deleting cross-
product terms, so that the double summation in Eq. (9) re-
duces to a single-summation approximation for deflection
co-PSD

(10)

These approximations lead to zero response quad-PSD.
Hence, only [(7s(o>)] appears on the left and only the diagonal
terms are used.

Deflection Covariance

The joint deflection moment for a structure can be obtained
from integration of corresponding terms of deflection cross-
PSD. All such terms can be considered at once and written as
a matrix integration.

(11)

The angular brackets denote a time average. The elements of
[(8qdr)] are the covariances of all pairs of structural node
points. The diagonal elements are mean square deflections,
and the off-diagonal terms are time averages of products of de-
flections at different node points (space correlation) .

When damping is in such a form that it causes the response
equations to uncouple through use of normal modes, the matrix
of joint deflection moments in Eq. (11) can be simplified
as in Eq. (9). If, in addition, the rate of change of ex-
citation force PSD is small about each region of high modal
response, then the excitation force can be considered a con-
stant evaluated at the set of frequencies coy* determined from
the natural frequencies. Then, the deflection covariance ma-
trix reduces to

/*oo

L <ff/*(tJU

= (C0y

The scalar integral of generalized admittance cross products
has been evaluated and the results are summarized by Lager-
quist and Jacobs.13

When damping is small, the double summation reduces to a
single summation (j — k ) . When the integral of generalized
admittances is evaluated withy = k, Eq. (12) reduces to

(13)
.7 = 1

A self-contained computer program described by Lagerquist
and Jacobs13 and Tsurusaki and Wallace14 was used to perform
structural response calculations. The program can obtain
either the approximate solution based on Eq. (10) and Eq.
(13) or make the more accurate and lengthy calculations based
on Eqs. (9) and (12). Use of this computer program in sonic
fatigue analysis is also discussed by Jacobs and Lagerquist.15

Turbulent Boundary-Layer Fluctuating Pressures

Fluctuating pressures in turbulent boundary layers have
been studied on gliders, airplanes, missiles, scale models in
wind tunnels, and in special boundary-layer channels.16"27

The flow channel studies have been the most complete.
Maestrello16-17 reports experimental results for fluctuating

pressures in subsonic turbulent boundary layers measured in
an open circuit flow channel. From these results, he has
synthesized nondimensional models of pressure PSD and
space-time correlation.

The normalized and dimensionless form of PSD of fluctuat-
ing wall pressures 11(8) is

(14)

where S = ud*/U (Strouhal number), a dimensionless fre-
quency and K* is a normalization constant dependent upon
constants An and Kn. Power in this spectrum is distributed
over a large frequency range—three decades. Typically, for
larger aircraft flying today, a Stouhal number of 10 corre-
sponds to a frequency of 10 kHz and a Stouhal number of 10 ~2

corresponds to a frequency of 10 Hz. It is impossible to
build an aircraft structure that does not have resonant re-
sponse in this range.

Maestrello's normalized space-time correlation function p
has the form

K*
AnKn \

lj
(15)

(12)

where £ is x direction and rj is y direction separation distance
between two pressure points, r is delay time, B = 1/0.86*,
6* is the boundary-layer displacement thickness, Uc is the
mean eddy convection speed, and 6 is mean eddy lifetime.
The space-time correlation function depends on constants, de-
cays with time delay, and has a convective form described by
the term in brackets. As time delay increases, convection
causes the point of maximum correlation to proceed down-
stream. This space-time correlation function defines an er-
godic stationary and homogeneous random process. This
model for the fluctuating wall pressure in the subsonic turbu-
lent aerodynamic boundary layer is the starting point for de-
veloping a turbulent boundary-layer loading function for use
with finite-element structural analysis systems.

Turbulent Boundary-Layer Loads

The statistical loading of the turbulent boundary-layer pres-
sure fluctuations can conveniently be described by the cross-
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PSD. Solutions of the response equations require this cross-
PSD to be defined as a matrix compatible with structural
finite-element methods. Definition of this boundary-layer
loading function is summarized here; a more comprehensive
treatment is given elsewhere by Jacobs and Lagerquist,11

and Jacobs, Young, and Tsurusaki.28

Pressure PSD

The space-time correlation function can be transformed
into the frequency domain by use of the Weiner-Khinchine
relations,29""31 which amounts to a Fourier transform

NODE
NODAL
AREA

= — f"
7T •/ — °

-*" dr (16)

(0 < CO < co)

where {p'2) is the mean square fluctuating pressure. The pres-
sure cross-PSD $p(t~J'n',iu>) is a complex function. The re-
sults of this transformation are

(17)

(0 < CO < co)

where Taylor s hypothesis32 has been used, making the inte-
gration possible. Taylor's hypothesis states that \r\/B ~
\%\/UcO. This hypothesis is a valid approximation for turbu-
lent boundary-layer flow because fluctuating velocities are
small when compared with total velocity, and changes of eddy
patterns as they are convected from one point to another and
decay are only slightly affected by time decay of the eddy.

The resulting pressure cross-power spectra shown in Fig. 1
decay slowly and oscillate in the flow direction £, and decay
rapidly in the 77 direction normal to the direction of flow.
Graphs of both co-power and quad-power spectral density
are shown, the quad-spectra leading the co-spectra by 90°.

Force PSD

The problem in finite-element methods when used for solu-
tion of the response of structure subjected to boundary-layer
noise is that there are many small pressure eddies over one
finite element. A typical pressure eddy is shown in Fig. 2
being convected downstream with velocity Uc- As it pro-
gresses downstream it becomes diffused, loses strength and
dissipates. The pressure eddy exerts incremental force over a
small part of the total area associated with a node, called nodal
area. There are many of these pressure eddies with various
phase relationships over the panel, and each will exert an in-
cremental force. The net force on the nodal area is desired.
The normal method for determining forces on nodal areas has
been to assume slowly varying pressure, so that pressure at the
node point, when multiplied by nodal area, closely approxi-
mates total force. Obviously, in the case of the small-scale
loads of a turbulent boundary layer, this method greatly over-

Fig. 1 Pressure
cross - power

spectra.

Fig. 2 Geometry
of finite-plate

elements.

estimates the magnitude of total force. Net force must be
determined by statistically adding incremental forces.

Net force cross-PSD on nodes has been calculated by con-
sidering infinitesimal areas dA on pairs of node points with
finite areas A. A pair of nodes i and j with nodal areas Ai
and A 3 are shown with infinitesimal areas dAi and dA3- in Fig.
2. The infinitesimal areas are located at points (xfi,yfi) and
(x'j,y'j), respectively. The infinitesimal force cross-PSD
acting over areas dAi and dA3- has been summed over the
total area of the pair of nodes, determining the total force
cross-PSD on the pair of nodes.

= f f
J Ai J Aj

(18)

The equations resulting from this integration are summarized
in the Appendix.

This then determines an element in the force cross-PSD
matrix. When all these force cross-PSD terms for pairs of
nodes are arranged to correspond to the ordering of terms in
the structural stiffness matrix, the force co- and quad-power
spectral density matrices are constructed per Eq. (2). The
diagonal terms of the co-PSD matrix are the collection of
force PSD at all node points. These diagonal terms are all
equal because the turbulent boundary layer is approximately a
homogeneous random process (its thickness changes very
slowly within the distance of a structural panel) . In addition,
the [<&F(i&) ] matrix is also hermitian.

Simple Panel in Duct Flow

In addition to fluctuating wall pressures, Maestrello16-17

also reports on experimental measurements of simple panel re-
sponse to turbulent boundary layers. The panel was inserted
in the side of a small open circuit wind tunnel so that air
flowed over the surface of the panel, exciting it and causing
response. The panel and numbered points of deflection re-
sponse measurement are shown in Fig. 3. The panel was
constructed of 2024 aluminum alloy by machining the interior
down from j-in. stock to varying thicknesses ranging from
0.020 to 0.080 in. Deflection response was calculated for
Maestrello's 0.080-in. -thick panel by using the boundary-layer
loading function and finite-element computer programs de-
veloped for random-vibration analysis. Calculated and mea-
sured results were compared as a check before applying the
analysisjnethod to more complex structures.

•I FLOW m^

< 5 4 3 2 1

L-^7^4"^

1 I
0.080"

X - TEST
POINT
NUMBER

Fig. 3 Simple panel.
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Fig. 4 Simple-panel natural frequencies.

Panel Idealization

The simple panel was idealized into an assembly of finite
plate elements, 6 and 12 elements across the narrow and wide
plate sides, respectively. This resulted in a structure repre-
sented by 72 equal-size plate elements and 91 nodes. All free-
doms at the plate boundary were fully fixed, representing a
clamped plate. Of the six freedoms at each node, only ver-
tical out-of-plane displacement (55 freedoms) was retained in
the analysis.

Natural frequencies for this panel idealization were calcu-
lated. The results are compared with measured results in
Fig. 4. The mode numbers are the number of antinodes
across the panel. The first number is for the flow direction
and the second is for the direction normal to flow. These are
the five modes that Maestrello identified down the center-line
of the panel. Other modes, involving more than one antinode
in the direction normal to flow, were calculated in this range
of frequencies, but these were not seen experimentally because
they have nodes on the panel centerline.

Response Solutions

Solutions for deflection response used Eqs. (10) and (13),
a normal mode solution using only direct modes. The first 12
natural modes were retained in this analysis. The damping
used in these solutions was determined from analyzing band
widths between half-power points on response resonances
determined from segmented, unpublished, high-resolution
deflection PSD measurements supplied by Maestrello. This
damping can be approximated by mass proportional damping;
as shown in Fig. 5.

Boundary-layer parameters used in simple panel solution
analysis are as follows: {p2} = 4.07 - 10"4(psi)2; 5* = 0.155 in.;
Ue = 0.88/7 = 6200 in./sec; M = 0.52; 0 = 9.1. - 10~4sec;
£o = 1.00 in. (separation distance between node points);
r?o = 1.167 in.

These input parameters were used to generate the
boundary-layer force co-PSD matrices. The rrns pressure
measured by Maestrello closely approximated 0.0072g (q is dy-
namic pressure) over the test Mach number range 0.14-0.78.
Values selected for convection speed and eddy lifetime are
characteristic of the frequency range of primary structural
response. The first 3 modes were below 1200 Hz. Bull'20

shows that convection speeds for this lower-frequency range
are greater than the mean eddy convection velocity of O.SOT'

FRACTION o 02
OF
CRITICAL
DAMPING

. A t
0.01

" 0 1 2 3 4 5 6
DISTANCE FROM PANEL EDGE (IN.)

Fig. 6 Simple-panel rms deflection.

(U is the freestrearn speed). The value of 0.8817 was chosen
as more characteristic of the pressure loads that cause the
structure to respond in the first 3 or 4 modes. Maestrello
also shows that eddy lifetimes for these same lower-frequency
pressure fluctuations are longer than mean eddy lifetime.
Maestrello's narrow band measurements of eddy lifetimes for
frequencies centered at 1200 Hz were used.

Calculated rms deflection and deflection PSD of the
0.080-in.-thick panel are compared with measured results in
Figs. 6 and 7. Values of rms deflection are shown for points
along the panel centerline. Maestrello made two determina-
tions of the panel response at each location, as shown by the
two sets of data points in Fig. 6.

Three of the points of Maestrello's deflection PSD measure-
ment correspond exactly with the location points of calculated
results.

A typical result for test point 4 is shown in Fig. 7. Deflec-
tion PSD was calculated for 33 frequencies, but some points
are not shown because they fall below the graph. MaestrehVs
measured PSD has been corrected for bandwidth resolution
errors, so that calculation and measurement can be compared
on the same basis. Maestrello showed that half-power modal
bandwidth was generally of the order of 15 Hz rather than the
originally reported 40 Hz. The calculated 5-1 mode occurs
at the upper end of the frequency scale, corresponding to the
measured mode shown at 1815 Hz.

Comparison of analysis results with measurements shows
good agreement. The rms deflection compares well near the
panel center, with progressively increasing difference as the
panel edge is approached. Variance in the two measurements
at each location is considerable, reflecting the difficulty in
measuring these low-level boundary-layer panel responses.

Significant errors occur in finite-element representations of
continuous structure when the number of node points in a
given direction is less than three per modal half-wavelength.

-MAESTRELLO'S
MEASUREMENTS
(CORRECTED FOR j
FILTER BANDWIDTH)!

A CALCULATION ;

1000
FREQUENCY(H^

1000 2000
FREQUENCY (Hz)

Fig. 5 Sim pie-pan el damping. Fig. 7 Simple-panel deflection power spectrum.
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Fig. 8 Structure—window area.

These errors are quite noticeable at the higher frequencies.
Agreement between measured and calculated natural fre-
quencies, shown in Fig. 4, is within 3.4% for the first three
modes, and within 7.5% for the 4-1 mode. There are 2.2
structural nodes per half-wavelength for the 5-1 mode and the
frequency error is 14%.

Aircraft Structures

Aircraft fuselage structure consists of a thin shell stiffened
with stringers running fore and aft that are connected to cir-
cumferential frames. Tear straps, such as the system of
waffle doublers shown in Fig. 8, are bonded to the skin to in-
sure fail-safe design. The response of this complex system to
turbulent boundary layers is examined by studying two sim-
plifications: 1) a 6-stringer system attached to a 5-bay plate
strip and 2) a skin-panel section between stringers and frames.

The panel-strip system is shown in Fig. 9. This structural
system has been selected for a study of the response of multiple
bays separated by stringers. The panel strip has no direct
correspondence to multiple bays of skin panels attached to
stringers and frames, but this model is a relatively small sys-
tem that can be used to gain insight into the vibration of real
aircraft structures.

The following questions are pertinent in a study of turbu-
lent boundary-layer noise: 1) can the structure be treated as
an assembly of individual panels acting statistically indepen-
dent? 2) If not, how many of the panels are statistically de-
pendent in their resonant response?

Additional questions are 1) how does boundary-layer thick-
ness affect the size of the region of resonant statistical-de-
pendent response? 2) what are the effects of curvature, cabin
pressurization, and body flight loads on natural frequencies?
The object of this study of the panel-strip system and the skin
panel is to answer some of these questions.

Panel-Strip System

The finite-element idealization of the panel-strip system is
also shown in Fig. 9. Three beam elements were used to
represent the stringer: a short beam with length equal to the
length of plate elements was attached to two longer beams
with clamped supports at the ends. The beams were given
both torsional and bending rigidity. The 0.039-in. thick,
48-in.-long panel strip was idealized by 42 flat plate elements.
The beams and plates are made of aluminum alloy. Out-of-
plarie plate displacements were retained at 43 node points
along one side of the panel strip. Mass for the plates and for
only the center of the three beam elements was lumped at ap-
propriate points among the 43 nodes.

Natural frequencies of the panel-strip system occurred in
closely spaced groups of five, as shown in Fig. 10. There are
5 panel-strip bays, hence, the grouping in fives. This close
grouping of modes in bands has been reported previously by

Fig. 9 Panel strip
on stringers.

Clarkson,33 from measurements on an aft fuselage section, and
by Lin,34 from theoretical studies.

The lowest mode of each group of five is the stringer twisting
mode, with adjacent bays out of phase, and the highest mode
in each group is the stringer bending mode, with adjacent
bays in phase. These modes, particularly for curved panels,
have smaller frequency separation than Clarkson reported
when he recommended that a design objective for sonic fatigue
resistance should be to widely separate the frequency of these
modes. The stringers actually bend very little because solu-
tions for natural frequencies with no beam flexure allowed are
identical within 1 Hz with frequencies calculated when beam
flexure is permitted.

When the panel strip is curved with a radius of 74 in., the
natural frequencies are increased and grouped more closely.
The natural frequencies of the curved panels were substan-
tially increased with the addition of uniform in-plane plate
tension preloads of Nx = 278 Ib/in. and Ny = 555 Ib/in. in the
x and circumferential directions, respectively. This load
corresponds to 7.45 psig cabin pressurization. The first 6
natural modes for the curved and preloaded panel strip are
shown in Fig. 11.

Solutions for panel-strip response to turbulent boundary
layers are for a flight condition of Mach 0.78 at an altitude of
25,000 ft. Three boundary-layer displacement thicknesses of
0.418, 0.830, and 2.07 in., corresponding to airplane locations
340, 800, and 2500 in. aft of the nose, were considered. Condi-
tions with flow, both parallel and normal to the stringers, were
considered. Boundary-layer parameters used in panel-strip
and waffled skin panel analysis are as follows:

xe, m.
<P2>, ps
5*, in.

340
1.56-10-4

0.418

800
.13-10-
0.830

2500
0.71-10"

2.07

FREQUENCY
Fig. 10 Panel-
strip natural fre-

quencies.
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Fig. 11 Panel-strip modes.

The parameter xe is the distance from the nose. The re-
maining parameters are the same for all locations: Ue =
0.88J7 = 8371 in./sec, M = 0.78 at 25,000-ft altitude, and
6= 2.6-10~4sec.

Typical deflection response of the panel strip is shown in
Figs. 12 and 13. A mass proportional form of damping p =
45 was used. This is the value and form of damping found
appropriate for skin-stringer panels by Jacobs and Lager-
quist.15 The first 10 natural modes were retained in these
solutions, which neglected cross-modal coupling terms. The
importance of cross terms [solution Eq (9) ] was considered
because the modes have very close frequency grouping.
Admittance cross products were found to have values as high
as 0.5 of the value of the direct terms. However, a solution
using cross terms showed no increase in deflection or space cor-
relation, indicating that the boundary-layer loading function
did not excite this modal coupling.

Calculations for space correlation in Fig. 13 show that the
resonant response of bays of the panel strip is statistically in-
dependent regardless of the direction of boundary-layer flow.
The condition shown is for a displacement thickness of 0.418
in.; however, statistical independence of the panel bays was
found for even the thickest boundary-layer displacement
thicknesses. In fact, the deflection space correlation curves
are practically identical for all three displacement thicknesses.

Waffled Skin Panel

The natural frequencies, normal modes, and turbulent
boundary-layer loaded response of a section of skin structure
were studied. The skin panel, shown in Fig. 14, is a typical
section of aircraft skin structure located between adjacent
frames and stringers. The skin panel is made from 0.036-in.
aluminum alloy with a waffle pattern doubler bonded around
the periphery and across the center. The grid lines show the
finite-element idealization used to represent the panel. The
idealization used 105 flat-plate elements assembled to repre-
sent both flat and curved panels. An average plate thickness
was selected for each element in the regions near the doubler
The out-of-plane displacement freedom was retained in the
analysis at all interior (84) node points. The boundaries were
clamped along the long direction and simply supported along
the short side. Mass was lumped at node points with re-
tained freedoms.

The natural frequencies of this waffled skin panel were de-
termined on flat and curved skins of various thicknesses pre-

FLOWDIRECTION PARALLEL TO
STRINGERS
6* - 0.830 IN.

RMS 4.0
DEFLECTION

(IN.) 3.0

2.0

NORMALIZED

1.00

0.801-

0.60DEFLECTION
SPACE 0.40
CORRELATION

0.20

0

9.20

——— FLOW PARALLEL
TO STRINGERS

——— FLOW PERPENDICULAR
TO STRINGERS
i* = 0.418 IN.

5 T O 1 5 20
CIRCUMFERENTIAL DISTANCE FROM

PANEL STRIP CENTERLINE (IN.)

Fig. 13 Panel-strip deflection space correlation.

loaded by different combinations of cabin pressurization, body
flight loads, and body ground loads. The first 5 natural fre-
quencies for various combinations of these parameters are
shown in Fig. 15. Table 1 summarizes the panel frequencies
and mode shapes.

When the natural frequencies of flat and curved panels are
compared, the order of occurrence of modes changes. The
1-1, 2-1, and 3-1 modes of the curved panel are ordered 3rd;
4th, and 5th, and the first 2 modes involve two half-wave-
lengths in the circumferential direction. This effect of curva-
ture on the ordering of modes is similar to that shown by Ar-
nold and Warburton35 for cylindrical shells. With the appli-
cation of in-plane tension preloads due to flight cabin pres-
surization, the ordering of modes again matches the mode or-
der of the flat plate. The addition of ground and flight loads
(due to mass, landing gear support, and tail balance loads)
causes only slight changes of the natural frequencies, but the
presence of in-plane shear loads distorts the classical panel
modes, causing a loss of symmetry. Actually, the additional
loads due to flight tend to have offsetting effects; the addi-
tional axial load Nx stiffens the panel, but the presence of the
shearing load Nxy softens the panel.

When the waffle doublers are removed by making a constant
0.072-in.-thick curved and preloaded panel, the natural fre-
quencies are actually reduced. The theoretical reasons for
this phenomenon are discussed later.

The spacial scale of the random deflection of the waffled
skin panel approximates the spacial scale previously discussed
for the panel-strip system. Space correlation of panel de-
flections in both the x and y directions is shown in Fig. 16.
These correlation plots are relative to a panel location
centered as shown in the panel planview.

Boundary-Layer Thickness Effects
Boundary-layer thickness only slightly affects the rms dis-

placement and spacial scale of the displacement response of
typical aircraft structure. This is true even for a boundary-
layer thickness characteristic of the aft cabin of large aircraft,
as shown in Fig. 17. As the boundary-layer displacement
thickness increases with distance from the nose, the rms fluc-
tuating pressure decreases. The net effect is that the rms
deflection of both the panel strip and waffled skin panel de-
creases slowly with distance aft. On the panel strip, response
level is slightly larger when the flow is down the panel strip
(y direction).

7 @ 1.31 IN-
,« 9.15 IN.

0 9 18 27 36 45
CIRCUMFERENTIAL DISTANCE (IIM.)

Fig. 12 Panel-strip rms deflection. Fig. 14 Waffled skin panel.
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Fig. 15 WafHed-panel natural frequencies.

Higher-frequency modes were not considered and this must
be remembered when interpreting these results. As the
boundary layer becomes thinner, more power is distributed in
the higher-frequency regions, and the errors arising from ne-
glecting high-frequency modes will increase, However, as is
shown in Fig. 18, the deflection PSD decreases with increasing
frequency so that higher-frequency modes make only a small
contribution to the total rms response. Summing the con-
siderations, boundary-layer thickness changes are not ex-
pected to have large effects on structural deflection response.

Preload Effects

Figure 15 shows that increases in panel thickness can result
in decreased natural frequencies of curved arid preloaded
panels. The explanation for this is that when constant in-
plane preloads are applied to a panel, decreases in panel thick-
ness can actually result in a stiffer panel. Fuller36 and Hub-
bard and Houbolt37 show that the natural frequencies of a
classical, flat, simply supported panel with modes mi(mirx/a)-
sm(mry/b) that is subjected to in-plane loads Nx and Ny (posi-
tive, tension; negative, compression) are

r r ^ / A T m* , A ^ n'2\ IWg /m* n2VT /2
fmn - - ~ (Nx — + A , - + -- y - + - )

2 \_dt \ a2 b1/ yt \a2 b2/ J

(19)

Table 1 Waffled skin panel natural frequencies and modes

Skin Preload:;
Symbol Radius Thickness Ib/in.

in. in. N N N Frequency Hz
Modes (m-n) *
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Fig. 16 Waffied-panel deflection space correlation.

where D = Etz/I2(l — /"), Q is the acceleration of gravity, 7
is panel density, E is the modulus of elasticity, v is Poisson's
ratio, and a and b are the panel length and width, respectively.
The remaining terms have previously been defined. This
function has an extremal value at thickness ti

6(1 - •»Vo') + jy,(nV6')] \ »3

n2//72\ J_ /™2/^2M2 I '̂

A plot of Eq. (19) is shown in Fig. 19 for typical modes 1-1
and 10-4. The panel size and preload values due to cabin pres-
surization are shown. The panel thickness that resulted in
minimum natural frequency was calculated using Eq. (20).
This explains why the natural frequencies of the waffled skin
panel decreased with an increase in thickness.

Conclusions
The boundary-layer loading function developed and used in

this report shows how random loadings with very small spacial
scale can be adequately represented for a finite-element system
when structural element size exceeds the spacial scale of the
loading. Applications of this boundary-layer loading func-
tion with a finite-element random-vibration analysis system to
determine the deflection response of a simple clamped plate
show excellent agreement with measurements. The study
of a structural panel-strip system shows that even for thick
boundaiy layers, the lower-frequency resonant deflection re-
sponse of individual panel bays is statistically independent.
This leads to the conclusion that the low-frequency
response of an aircraft structure to turbulent boundary layers
can be adequately described by calculating the response of
single-skin panels, treating an assembly of skin panels as sta-
tistically independent. Curvature and in-plane preloads due
to differential cabin pressurization substantially stiffen a struc-
ture, raising low-order natural frequencies and causing the
grouping of natural frequencies to be more dense. Adding
thickness to a skin panel preloaded by cabin pressurization
does not always result in increased natural frequencies.
Boundary-layer thickness changes on typical aircraft do not
substantially affect deflection response in the lower-frequency
modes.

Appendix: Force Cross-PSD Matrix Elements
Force cross-PSD on element pairs has been determined by

evaluation of the integral in Eq. (18), where Eq. (17) has been

DEFLECTION,
8

400 800 1200 1600 2000 2400
DISTANCE FROM NOSE (IN.)

Fig. 17 Fuselage displacement response.
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NATURAL
FREQUENCY m9

(Hz)
800

0 .05 .10 .15 .20 .25 .30
SKIN THICKNESS, t (IN.)

Fig. 19 Preload and thickness effects on natural frequen-
cies.

used to define the pressure cross-PSD. The results of this
evaluation are summarized here.

Node points are assumed to lie on the intersection of a repet-
itive grid. Then separation distances are integer multiples
of basic x and y direction separation distances £o and 770-
For node points i and j, £ = 71,7£o and t\— rriijTjo, where n,-/
= (Xj — Xi)/%Q and m»y = (yj — y^/rio* The use of integer
multiples of the basic separation distance has been introduced
to take advantage of the homogeneous nature of fluctuating
pressures in the turbulent boundary layer. The full matrix
of terms can then be constructed from a small set of compo-
nents dependent only on nlj and mt> This makes large sav-
ings on computing time.

Final equations for the power and cross-power spectral den-
sity of forces acting on node points of a structure are
force PSD: (i = j ) , (m, = ra,-y - 0)

The terms & and Q are those parts of Eq. (18) with de-
pendence on £:

FH(U) = 0

(Al)

(A2)

(n ij ^ 0, ma ^ 0)

force cross-PSD: (i 9* j)

(riij = 0, ma ^ 0)

CVo-(co) = K'P$ (A3)

(A4)

Since the force cross-PSD matrices are hermitian, the real
part is symmetric, and the imaginary part is skew symmetric.
So, for each term defined previously, the following relations

The term K' is a constant

K' = <p2)r7o/3.34!7c52 (A7)

The power spectral density's dependence on £0 is

P(co) - 2/(a2 + &2)2a{£o(a2 + 62) +

The term <|> defines dependence on rj and is evaluated as a
numerical integration,

B

r? ( \ f^2 TW^Zn(w,v,w) = I I
J —770/2 J —r)Q/

/2

770/2

(A9)

(A10)

(All)

C
Q

V = ab sin(6^0) sinh(a^0)

W = [(a2 - 62)/2] si

cos(nt-y6£o) (A12)

cosh(a?o)] (A13)

sinh(ajo) +
cos(&£0) cosh(a^o)] (A14)

where a = 1/UCB, b = u/Uc.
The force co-PSD and quad-PS D matrices are each con-

structed separately from these equations. Equations (A 8),
(A13), and (A14) differ from those previously defined.11

When these corrected equations were used in solution analysis,
the changes in the simple-panel response reported in that
analysis were insignificant.
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